Nielsen showed in quant-ph/0108020 that universal quantum computation can be performed using projective measurements, quantum memory, and preparation of the |0 state. Furthermore, 4-qubit measurements are sufficient. Fenner and Zhang showed in quant-ph/0111077 that 3-qubit measurements are sufficient. We prove that 2-qubit measurements are sufficient, closing the gap between the upper and lower bound of the number of qubits to be measured jointly. We conclude with some open questions.
Introduction and previous work
Studying the resources required for universal quantum computation is important not only for its realization but also for our theoretical understanding of what makes it so powerful.
In the predominant standard quantum circuit model [1] , it suffices to prepare the |0 state, to measure individual qubits in the computation basis, and to well approximate any unitary gate. Any unitary gate can be efficiently approximated using one of the many "universal set of gates", such as the set of all 1-qubit gates and the controlled-not (cnot), or the Clifford group and [2] , and a partial list of references [3, 4, 5, 6, 7, 8] .)
We first review the Pauli and Clifford groups (see [9, 10, 2] for example). Let σ x,y,z be the Pauli operators (also written as σ 1,2,3 , with σ 0 denoting the identity matrix). The Pauli group is generated by Pauli operators acting on each qubit. The Clifford group is the set of unitary operations that conjugate Pauli operators to Pauli operators. The Clifford group is generated by the cnot, the phase gate p = e We also review how teleportation works. One can transmit a state |ψ = a|0 + b|1 using the following circuit:
The initial state
The box labelled by B represents a measurement in the Bell basis, projecting onto the four Bell states (I ⊗ U )(|00 + |11 ), applying a Bell measurement, and applying a "correction" U σ j U † .
More importantly, the required state
(I ⊗ U )(|00 + |11 ) and correction U σ j U † can be obtained without the actual application of U in many contexts. This leads to many important results on gate construction [11, 12, 8, 13, 14, 15, 16, 17, 18] in the context of fault-tolerant implementation or storage of quantum gates, and alternative computation models.
The current result is an extension of [18] , which shows how to perform universal quantum computation using (1) well defined Hilbert spaces (2) quantum storage and (3) nondemolition projective measurements on up to four qubits. It suffices to perform any 1 or 2-qubit gates, which can be done using the previous circuit. To perform a 1-qubit gate U , it suffices to (1) prepare the state (I ⊗ U )|Φ + , (2) perform a Bell measurement, and (3) to sometimes apply U σ j U † for j = 1, 2, 3. First, the 2-qubit state (I ⊗ U )|Φ + can be prepared by a projective measurement that distinguishes it from its orthogonal complement. Second, the Bell measurement is a 2-qubit measurement, and can be performed. Third, if the outcome from the Bell measurement is j = 0 (occuring with probability 1/4) the gate is completed. Otherwise, the correction U σ j U † is another 1-qubit gate, and can be performed using the same procedure, again with a finite probability of success. One just repeats the correction until it is no longer necessary, which on average occurs after 4 trials. A 2-qubit gate U can be performed analogously:
The ancilla 1 2 (I ⊗ I ⊗ U )(|0000 + |0101 + |1010 + |1111 ) can be prepared by a 4-qubit measurement. With probability 15 16 , some correction using a two-qubit gate U (σ j1 ⊗ σ j2 )U † is required. On average 16 trials are needed for a 2-qubit gate.
As the initial state may not be entangled, and interactions are needed, 2-qubit measurements are obviously necessary. The remaining question is whether 2 or 3-qubit measurements are sufficient. An important observation is that it suffices to perform exactly one 2-qubit gate, namely, the cnot. This is because the cnot is universal given the 1-qubit gates, and furthermore, the correction cnot (σ j1 ⊗ σ j2 ) cnot † is a Pauli operator since cnot is in the Clifford group. Thus universality can be achieved given 2-qubit measurements and the ancilla
This observation was made independently by Fenner and Zhang [19] and by Leung and Nielsen [20] . In both cases, methods to prepare |a cn using 3-qubit measurements were found.
In the following, we show how to create |a cn using only 2-qubit projective measurements. This implies the universality of 2-qubit projective measurements and saturates the lower bound of 2 in the number of qubits to be measured jointly.
Two-qubit measurements are universal
We now describe how to prepare |a cn using 2-qubit projective measurements. For simplicity, we focus on measurement outcomes that lead to |a cn . This preparation only succeeds with constant probability p, and the average resource is increased by a constant multiplicative factor. We will come back to this point later.
We first present the procedure in the state representation:
1. Create 1 2 (|0 + |1 ) ⊗ |0 ⊗ (|00 + |11 ) with 1 and 2-qubit measurements.
2. Apply to qubits 2 and 3 the measurement with 2 projectors:
When the outcome is P + , the remaining state
3. Measure the parity of qubits 1 and 3. If the outcome is even, the remaining state is given by 1 2 (|0000 + |1011 + |0101 + |1110 ) which is just |a cn .
In the stabilizer language [9] , when measuring an operator M , the generators of the stabilizer commuting with M remain, and those anitcommuting with M ,
The stabilizer of the desired state |a cn is given by evolving that of |Φ 
In our procedure, the initial state has stabilizer generated by
Each generator has at most weight 2, thus the state can be prepared by 1 and 2-qubit projective measurements. If one measures I ⊗ σ x ⊗ σ x ⊗ I and then σ z ⊗ I ⊗ σ z ⊗ I, the stabilizer will evolve as
The last stabilizer generator is same as that of |a cn , completing the procedure.
We note that the only 2-qubit measurements involved are parity measurements in the computation and conjugate bases (measuring σ z ⊗ σ z or σ x ⊗ σ x ).
Discussion
For simplicity, we have so far omitted a nice feature in Nielsen's original scheme. When performing the 1-qubit gate U , one can instead use the ancilla (I ⊗ U σ i )(|00 + |11 ) and perform the correction U σ j σ i U † when the Bell measurement outcome is j. (This can be easily verified.) Thus the ancilla can be prepared more efficiently by applying a single projective measurement to distinguish all four of (I ⊗ U σ i )(|00 + |11 ). The post-measurement state of any outcome is equally good. The same holds for 2-qubit gates.
Our preparation procedure for |a cn also shares the feature that any post-measurement state is equally good. There are 16 possible outcomes in step 1, and 2 outcomes in each of steps 2 and 3. One can verify directly that the remaining state of any possible outcome is of the form 
1
A few important questions remain. First, one can reduce the number of required types of 2-qubit measurement using the universal set {t, h, cnot} rather than {1-qubit gates, cnot}. With the smaller universal set, the "C k -hierachy" [14] implies that, from the second trial onwards, the correction involves only Pauli operators. The first correction for t can involve only 1 out of 24 1-qubit Clifford group elements. However, the smaller universal set necessitates more gates to be used in the universality decomposition. The trade-off between the number of required types of measurement vs the number of required steps will be an interesting question to be explored. Second, one may want to characterize all 2-qubit gates that can be performed using 2-qubit measurements only.
